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The basic question studied in this paper is, When is a twisted covariance 
C*-algebra C*(G, A, J) amenable? This includes as a special case the question, 
When is a group C*-algebra C*(G) amenable? We show, in particular, that 
C*(H, A, Y) is amenable if C*(G, A, 3) is amenable and H is a closed normal 
subgroup of G. Other results that we prove use the derivation and injective 
characterizations for amenable C*-algebras. i 1991 Academic Press. Inc 
1. INTRODUCTION 
Amenable groups were first introduced by von Neumann. In modern 
terminology, a locally compact group G is called amenable if there exists an 
invariant mean on L,(G). The books [32, 35-j give detailed discussions of 
the many properties of these remarkable groups. 
The notion of amenability spread to the category of Banach algebras in 
Johnson’s monograph [23]. A Banach algebra A is called amenable if every 
continuous derivation from A into any dual Banach A-module is inner. 
Johnson also showed that G is amenable as a locally compact group if and 
only if L,(G) is amenable as a Banach algebra. 
Amenability has proved particularly fruitful in the category of 
C*-algebras. Given C*-algebras A and B, there is a minimum C*-norm 
II II In,” and a maximum C*-norm I( ‘11 max on A 0 B, and the completions of 
‘4 @B with respect to these norms are denoted by A gmi,, B, A @I,,, B. 
respectively. (See, for example, Lance [27].) The algebra A is called 
nuclear if A O,,, B = A a,.,,,, B for all C*-algebras B. A remarkable result 
[20, lo] asserts that A is amenable f and onf?. if A is nuclear. 
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Amenability in the category of von Neumann algebras has a number of 
important formulations. One of these is injectiui(-v. A von Neumann algebra 
M on a Hilbert space 5 is called injective if there exists a linear, norm one, 
projection map P from B(5) onto M. A deep result of Connes and Choi 
and Effros [7, S] gives the connection between nuclearity and injectivity: a 
C*-algebra A is nuclear if and only if its second dual A** is an injective von 
Neumann algebra. 
A short account of amenability for operator algebras is given in [32, 
( 1.3 1 ), (2.32)]. 
Associated with any locally compact group G is its enveloping 
C*-algebra C*(Gt-the completion of L,(G) under its largest C*-norm. 
Accordingly, we can attach to G two natural notions of amenability. The 
first of these is amenability in the classical invariant-mean sense. The 
second notion we will call C*-amenability. The group G is C*-amenable if 
C*(G) is amenable (=nuclear). One of the main objectives of this paper is 
to investigate the class of C*-amenable groups. 
We first note that every amenable group is C*-amenable [23,42]. Indeed, 
if G is amenable, then L,(G) is amenable as a Banach algebra, and C*(G) 
is therefore amenable since it contains a dense homomorphic image of 
L,(G). The converse is not true. Indeed, every Type I group is C*- 
amenable [ 1,233 and semisimple Lie groups provide many examples of 
non-amenable Type I groups [ 131. The class of C*-amenable groups is 
much larger than the class of amenable groups. For example, the former 
contains all almost connected groups ([S], (5.1) of the present paper). 
However, a discrete group is C*-amenable if and only if it is amenable 
[S; 23; 32, Pr.1.381. The non-discrete version of this result involves inner 
amenability [28; (2.35)]. (See also the paper by E. Kaniuth, “On the 
conjugate representation of a locally compact group,” Math. Zeit., in 
press.) 
The following result, which is a simple corollary of the results discussed 
above, gives three characterizations of C*-amenability. Each of these will 
be used in the sequel. 
1.1. THEOREM. The following statements are equivalent for a locally 
compact group G: 
(i) G is C*-amenable. 
(ii) C*(G) is nuclear. 
(iii) Every (continuous) unitary representation of G generates an 
injective von Neumann algebra. 
Proof: We need only show that (ii) and (iii) are equivalent. We will use 
the result [8] that a direct sum of von Neumann algebras is injective if and 
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only if every summand is injective. Let @ be the universal representation of 
C*(G). If (iii) holds, then @(C*(G))” = C*(G)** is injective, so that C*(G) 
is nuclear. Conversely, suppose that C*(G) is nuclear and that rt is a 
unitary representation of G. Regard rc as a *-representation of C*(G) in the 
usual way. Since IC is a direct sum of cyclic representations, we can suppose 
that rr is cyclic. Then rr( G)” is a direct summand of C*(G)** and so is 
injective. So (ii) implies (iii). 1 
One of the good properties of amenable groups is the following: if H is 
a closed, normal subgroup of G, then G is amenuble $ and only if both 
H, GJH are amenable. This, and other algebraic properties, enables one to 
construct many new amenable groups from old ones. Can one prow N 
similar result.for C*-amenable groups? We do not know the answer to this 
question, but discuss the following positive results. 
(i) (4.1) If G is C*-amenable, then both H, GjH are C*-amenable. 
(ii) (4.2) If H is C*-amenable and G.‘H is amenable, then G is 
C*-amenable. 
The proper context for (i) and (ii) is that of crossed product and twisted 
crossed product C*-algebras, and in this context, we are able to prove much 
more general results than (i) and (ii). In particular, we show (3.2) that if‘ 
(G, ri, 2, N, Y-) is a twisted covariant system and H is a closed normal suh- 
group of G containing N, then C*(H, A, J) is amenable if C*(G, A, F) is 
amenable. Our proof uses the theory of induced representations for twisted 
covariant systems; it also requires a generalization of a norm inequality of 
Rieffel associated with the restriction of an induced representation coming 
from a closed normal subgroup (2.4). We use the nuclear formulation of 
amenability. 
The proof of (3.2) is the most technical part of the paper and depends 
heavily on the theory of twisted covariance algebras studied by Green in 
[ 181. We have tried to make our discussion of the parts of this theory that 
we need as self-contained as possible and hope that readers may feel 
inclined to study for themselves Green’s difficult and rich paper. 
The result (ii) above is a special case of (4.4) which asserts that if‘ H is 
a closed subgroup qf’ G with G/H amenable (in the sense qf‘ P. Eymard), (f 
(G, ,4, 2) is u covariant system, and if @ is a representation qf C*( G, .4 ) ,cith 
restriction IT to C*(H, .4 ), then @( C*( G, A )) is amenable if n(C*( H. A)) is 
urnenable. 
This result generalizes a theorem of Green’s involving twisted crossed 
products. We use the derivation formulation of amenability in our proof. 
and think that this method of proof is simpler than that of Green. who uses 
his theory of induced representations for twisted systems and the nuclear 
version of amenability. 
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A (formally) stronger notion than that of C*-amenability is introduced 
in Section 5. Roughly speaking, the group G is projective amenable if every 
projective unitary representation of G generates an injective von Neumann 
algebra. It is not known if projective amenability is equivalent to 
C*-amenability. In (5.2), we prove a weak version of (4.4) in which “G/H 
projective amenable” replaces “G/H amenable.” The proof is an adaptation 
of part of the “Mackey machine.” 
Sketched proofs of special cases of (3.2) and (4.4) were given by the 
second author in [33]. He also asserted that if G is separable and if H is 
a closed Type I normal subgroup of G with G/H projective amenable, then 
G is C*-amenable. Unfortunately, there seems to be a gap in the proof of 
that result, so that we do not know if the above assertion is true. 
2. CROSSED PRODUCTS AND TWISTED CROSSED PRODUCTS 
We first recall some standard facts concerning crossed product 
C*-algebras. We then discuss the theory of twisted crossed products, which 
was developed by Dang Ngoc [ 111 and Green [ 181. Green’s paper is the 
standard reference for the subject. (We have been unable to obtain a copy 
of Dang Ngoc’s paper.) Green’s paper is technically complicated, and 
partly for the convenience of the reader and partly because we wish to 
develop the theory of induced representations in a slightly different way 
from [ 183, we will treat twisted crossed products in a reasonably self- 
contained way. 
Let G be a locally compact group and A be a C*-algebra. Let 
GI: G + Aut A be a group homomorphism which is point norm continuous 
(in the sense that the map s + cr(s)a is norm continuous from G to A for 
all a E A). Then (G, A, CX) is a covarianr system. We sometimes write ~1,~ in 
place of a(s). Associated with such a system is the Banach *-algebra 
L,(G, A) = L,(G) 6 A of Bochner integrable functions f: G + A, where 
multiplication and (isometric) involution are given by 
f * g(s) =j f(4 cr,(g(s-lx)) 44 (xEG) (1) 
f*(X)=CL,(f(X~‘)*)A(X~‘) (x E G), (2) 
where f, ge L,(G, A), and A, A are respectively a left Haar measure on and 
the modular function of G. The reader is warned that formulae such as 
those in (1) and (2) will, in general, differ from the corresponding formulae 
in [18], since in [ 181, a symmetric, rather than a left invariant, Haar 
measure is used. 
Let C,(G, A), C,(G) be respectively the spaces of A-valued, complex- 
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valued, continuous functions on G. It is readily checked that C,( G, A ) is a 
dense *-subalgebra of L,(G, A). 
The Banach algebra L,( G, A) has a bounded approximate indentity 
(fdb indeed, we can take fa to be of the form g,@en where (e,f is a 
bounded approximate identity for A and each g, is 20, has i-integral 1, 
and is supported in a compact neighborhood C, of the identity e of G, the 
C,‘s “contracting” to e. For a more general result. see (2.1) below. 
For a Banach algebra B with bounded approximate identity, let L K( B) 
be the multiplier algebra of B. Then M(B) is also a Banach algebra, which 
is a C*-algebra if B is a C*-algebra. 
Let M(G) be the convolution Banach algebra of complex, regular Bore1 
measures on G, and recall that L,(G) is an ideal in M(G). Then M(G) and 
A can be regarded as *-subalgebras of A’( L,(G, A)) with the following 
actions on L,(G, A) (cf. [34, (7.6)]): 
P *.f(-VI= I’a,(.f(s-‘.wP(s), f*p(x)=j.f(x-I 14--‘) 44s) (3) 
(af )(-~I = af(-x), fQ(X, =f(.y) s,(a). (4) 
(Strictly, the second formula of (3) is valid, for p with compact support, 
and right multiplication by general p E M(G) is obtained by approxi- 
mation. ) 
We identify I E G with the point mass S., E M(G) and so obtain 
G c .Jl(L,(G, A)), with actions 
-yf(r) = dfW+-)), fx(r)=f(lY’) d(x-‘). 
We note that if gE L,(G), UE A, then in d(L,(G, A)) 
(5) 
g@a=ag. 
From (4) and (5), for any f E L,(G, A), x E G, a~ A, we have 
(wf J(r) = a,((~f)(.~-‘r)) = (q(a) -uf j(r) 
(6) 
so that in dY(L,(G, A)), 
xax ~ l = cf,(a). (7) 
We now prove two results, which are versions of known group results 
(e.g., [21, (20.15)]) and which we will need later. These two results are, no 
doubt, known, but we have been unable to find convenient references in the 
literature. 
2.1. PROPOSITION. (i) For f E L,( G, A), the maps .Y -+ xf, ?I + f’i are 
norm continuous from G to L,(G, A). 
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(ii) Let ,a6 be a net of probability measures in M(G) whose supports 
are compact and contract to {e}. Let {e6} be a bounded approximate 
identity for A tvith /e,ll = 1 for all 6. Then for allf E L[(G, A), 
llfedb -f II I + 0 (8) 
Proof (i) Since each map f + xf is norm decreasing, we need only 
check the continuity of x + xf for f in L,(G) @ A, or equivalently for f of 
the form g@ a (g E L,(G), a E A). The continuity of x -+ xf in this case is 
obvious since x( g @ a) = 6, * g 0 cc,(a). The continuity of x + fk follows 
by applying the involution. 
(ii) We will show that Ile,p, f - f II I -+O, leaving the other part of 
(8) to the reader. We can suppose that f E C,(G, A). For any 6, with C6 the 
support of pa, we have 
Iledbf-f II, G 
IIJ 
(eaxf -f) h(x) 
Cb II I 
< I IleJ-uf -f) + (esf -f )II, dp&u) cs 
<sup llxf -fll, + Ileaf -fll,. 
C6 
Using (i), supca Ilxf-j-11 1 + 0. It remains to show that Iled f - f (I, + 0. Let 
C be the support off: Then, 
llebf -fll, =Jc II(eaf)(t)-f(f)11 4t) 
= /leaf(t)-f(t)ll dA(t)GA(C) sup Ile,a-all +O s ocf(C) 
since lIeda - a\( + 0 uniformly on compacta. 1 
Since L,(G, A) has a bounded approximate identity, it has an enveloping 
C*-algebra C*(G, A), the crossed product of G and A. AN *-representations 
of Banach *-algebras in this paper are assumed to be non-degenerate. The 
faithfulness of the left regular representation below shows that the canoni- 
cal map from L,(G, A) into C*(G, A) is one-to-one, so that we can regard 
L,(G, A) c C*(G, A). 
Every *-representation 7c of L1(G, A) on a Hilbert space $3 extends to a 
representation rc of M(L,(G, A)), and if we write B(X)= W(x) (xe G), 
x(a)=P(a), we see, upon the integrating W up to L,(G), that (IV, P) 
determines x. In particular 
n(gOa) = n(ag)=J PM-x)a) W(x) dA(x), (9) 
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from which it follows that for f~ L,(G, A ), 
n(f) = j- P(f(x)) W(s) dA(x). (10) 
From (8), ( W, P) is a couariant pair, i.e., 
W(x) P(a) W(c’)= P(a,(a)) ( .Y E G, a E A ). (11) 
Conversely, using (lo), such a pair determines a *-representation of 
L ,( G, A ). By definition of “enveloping C*-algebra,” the *-representations 
of C*(G, A) can also be identified with covariant pairs as above. 
The left regular algebra Cf(G, A) is obtained as follows. Realize A on a 
Hilbert space 53, (so that A c B(R,), the algebra of bounded linear 
operators on 9,). Then ( W, P) is a covariant pair on L,(G, 53,) where 
W(x) F(p) = F(yx), (P(a)F)h) = a,(a) F(-y), (12) 
where FE L,( G, 9,). If rc, is the L,(G, A)-representation corresponding to 
(W, I’), then n,(C*(G, A))= C:(G, A). The map 71, is faithful on L,(G, A). 
Twisted crossed products are obtained from crossed products by 
quotienting out a certain ideal. We suppose that we have a closed normal 
subgroup N of G and a homomorphism Y: N + U(A(A)), the unitary 
group of *K(A), where 3 is continuous for the strict topology. (The latter 
means that if aE A and ?cs + I in G, then lIT( - 3(x)all -+ 0. 
Ilar(x,) - aT( -+ 0.) Then (G, A, c(, N, X), or more succinctly 
(G, A, .Y), is called a twisted cooariant sJ,stem if for all n E N, .Y E G, a E ‘4. 
we have 
S(n) aT(n-I) = a,(a), ~(.mx~‘)=a,(,~(n)). (13) 
The element a,(Y(n)) makes sense since a., extends to an automorphism, 
also denoted a,, of &!(A). Of course, a,(T(n)) E -K(A). 
If ( W, P) is a covariant pair for (G, A, a) on a Hilbert space 9, then each 
n can be associated with two elements of U(,#Z(A)). On the one hand, we 
have P(Y(n)), where P extends from A to k’(A) in the usual way. On the 
other hand, we have the unitary W(n). The pair ( W, P) is called twisted if 
W(n) = P(T(n)) (n E N). (14) 
Let 71 be the representation of C*(G, A) associated with ( W, P). Then (14) 
holds if and only if, for all n E N, the multiplier n(n - T(n)) of n(C*(G, A)) 
is 0, i.e., if and only if 7c annihilates the closed ideal I of C*(G, A) generated 
by elements of the form f(n - Y(n)) f’, where f, f’ E L,( G, A). Let 
C*(G, A, Y) = C*(G. A)/I. (15) 
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Then the * -representations of C*(G, A, Jo) are in natural correspondence 
with the twisted covariant pairs (W, P) of (G, A, CL). The algebra 
C*(G, A, Y) is called the twisted crossed product algebra associated with 
(G, A, y). 
Obviously, C*(G, A) is a twisted crossed product algebra, where we take 
N= {e} and 9(e) = 1. More serious motivation for the twisted crossed 
product concept is given by the following examples (cf. [18]). 
2.1. EXAMPLE. If G is a semidirect product HxpN, then it is well-known 
and easy to prove that C*(G) z C*(H, C*(N)), where tl: H + Aut C*(N) is 
given by the map f --) 6, *f * 6,-, on L,(G). (Note that x + a,(f) is 
L,(N)-continuous and, hence, C*(N)-continuous for all f E L,(N).) When 
G is not a semidirect product, there is [ 181 a twisted version of this result: 
C*(G) 2 C*(G, C*(N), F). (16) 
Here, N is a closed normal subgroup of G. Regarding L,(N) t M(G) and 
using the normality of N, we have a homomorphism ~1: G + Aut L,(N), 
where U,(P) = 6, * ,D * 6,-i. Each a, is an isometric *-isomorphism of 
L,(N), and so lifts to an automorphism, also denoted by LX,, of C*(N). 
This gives a covariant system (G, C*(N), CI). For future use, if we regard 
L,(N) as a function space, we have (cf. [ 18, p. 1981) 
@,f(n) = (d.(x)/d.,.~(?C-))f(-~-‘nx) (n E N). (17) 
Further, 
s f (xnx ~~ ‘) dddn) = (~&)IdGIN(~.)) /f(n) d&(n), (18) 
where f E L r(N), x E G, n E N, and -t = xN. The above equalities can be 
proved using Weil’s formula. 
We define the twisting map Y-: N + U(A(C*(N))) by: Y(n) =n. To 
prove (16), one can argue as follows. Let 7c be the universal representation 
of G. We obtain a twisted covariant pair ( W, P) = (z, II,,,) where K,,, is the 
representation of C*(N) associated with z,,,,. The representation n’ of 
C*(G, C*(N)) associated with (W, P) sends g@f (gEL,(G),f’EL,(N)) to 
n(f * g) (see (9)) and since L,(N) L,(G) = L,(G), it follows that rr’ maps 
onto C*(G). Since ( W, P) is twisted, we can regard 7~‘: C*(G, C*(N), 9) + 
C*(G) with z’ surjective. Reversing the above procedure, every cyclic 
representation of C*(G, C*(N), Y) is contained in rc’, so that R’ is faithful 
and (16) follows. 
2.2. EXAMPLE. Let $ be a Hilbert space and c’(B) the group of unitary 
operators in B(b). Recall that a projective (unitary) representation of G on 
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!?J is a homomorphism from G into the projective unitary group PU($) = 
U(5)/TI, with 7c continuous for the quotient strong topology on PU($) 
[26, Sect. 14.11. Let Q: U(b)- PU(!+j) be the quotient map and [26, 
Sect. 14.31 
G,= ((x, U):XEG, ~~EU(~),TC(.Y)=Q(~‘)~-. (19) 
Then G, is a locally compact group in the relative topology of G x I/( 8) 
and with product (.u, U)(r, V) = (-YY. UP’), and there is an exact sequence 
{e}- B T-G,- G- (e). (20) 
where fl(x, U) = x and z ET is identified with (e, Z) E G,. (Note that T is 
normal in G,.) The projective representation 7c is associated with a 
“genuine” unitary representation 7~’ of G, on @ by the formula 
n’(s, U) = U. However, there are other unitary representations of G, which 
are associated with projective unitary representations of G. Indeed, let 
Rep, G be the class of projective unitary representations @ of G for which 
there exists a unitary representation @’ of G, with @J’(Z) = :I(= E T): @ and 
@’ are related by Q(X) = Q(@‘((s, U))). It is readily checked that the 
correspondence @’ + @ is one-to-one if G admits no non-trivial, one- 
dimensional characters. Clearly, n E Rep, G. If G admits no non-trivial. 
one-dimensional characters, then we can identify Rep, G with the class of 
all *-representations of a twisted crossed product algebra C*(G,, C, 9) as 
follows. Indeed, let (G,, C, F) be the trivial covariant system: so 
X(X, U) = I for all (x, U)EG,. Let N=T and F: N -+ .K(C) =C be given 
by .Y(n) = n. Then (G,, C, F) is a twisted covariant system, and the 
twisted covariant representations of (G,, C, 3) reduce, using (14) to the 
representations W of G, for which W(n) =nI (no N) and the claimed 
identification of the preceding paragraph follows. 
Other classes of projective representations of G can be similarly repre- 
sented as twisted crossed product representations: instead of requiring 
Q’(Z) = ?I, we fix 7 E $ and require 
CD’(z) = 1/(_7)1. 
We will require the use of induced representations for twisted crossed 
products. Green’s approach in [18] is based on Rieffel’s generalization in 
[38] of Blattner’s work [4]. Rieffel’s elegant approach uses rigged Hilbert 
modules and works in the genera1 C*-algebra context. However, in our 
context, group actions are involved, and we have found it technically easier 
to adapt Blattner’s approach directly. This adaptation essentially follows 
that of Green in [19] although we outline more details. 
68 LAU AND PATERSON 
Let (G, A, CI) be a covariant system, and H be a closed subgroup of G. 
So (H, A, CI) is also a covariant system. We discuss how to induce a 
*-representation rc of C*(H, A) to a *-representation @ of C*(G, A). In 
terms of covariant pairs, we must induce a pair (V, M) for (A!, A, a) on a 
Hilbert space fi up to a pair ( W, P) for (G, A, a). 
We first recall how V is induced up to W [4; 26, Sect. 13.21. Let 
p: G + (0, cc ) be a (right) Bruhat function for H. So p is continuous and 
satisfies 
s Pm-) b,(h) = 1 l-x E G), (21) H 
where pH is a right Haar measure on H. We define L,(G, H, 43) to be the 
space of equivalence classes of p,-measurable functions F: G + !$ such that 
(i) F(k) = (d,(h)/dJh))“* V(h) F(x) (he H, XEG) 
(ii) lIFll* = j P(X) II~(x)11* &Ax) < 00. 
(22) 
(Of course, if H is normal in G, then d,(h) =d,(h) and (i) simplifies 
accordingly.) The space L,(G, H, !+j) is a Hilbert space with inner product 
( , ) where 
<F, 9 F,) = I P(x)(F,(-~), f’,(x)) 44x). (23) 
G 
When H is normal in G, (23) can be rewritten using (21) and Weil’s 
formula, 
W’J=~ (F,(x),F2(~~))4-f, (24) 
G\H 
where f = Hx and d,.t is a suitably chosen right Haar measure on G\H. 
For convenience, we sometimes write h< in place of V(h)5: for h E H, 
5 E $. Let C,(G) be the set of continuous functions f: G -+ C with compact 
support. With f~ C,(G), <E !& we can associate c6< E L,(G, H, !?j), where 
F,;,(x)= j (~,(h)/~,(h))“2f(h-~)h--1~ dP,(h). (25) 
H 
Each F,: is continuous with support contained in HC, where C is the 
support off: It is a useful fact [4, p. 821 that the span of the set of such 
function FL, is norm dense in L,(G, H, sj). 
The representation W of G induced by V is defined on L,(G, H, B) and 
is given by the formula 
( WX)F)(Y) = F(P) (xv YE@ (26) 
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As a representation of M(G), W takes the form 
( W(/i)F)(y)= 1 m-~) d/J(Y). (27 1 
We now produce the representation P of A for which ( W, P) is the 
representation induced by (V, M). Define 
(P(a)F)(x) = Ma,(a)) F(-u) (?I E G) (28) 
for LIE A, FE L,(G, If, 5~). It is routine to check using (23) that P is a 
*-representation of A on L,(G, H, sj). 
The pair ( W, P) is covariant. Indeed, for X, .VE G, UE A, and 
FELJG, H, !jj), we have 
(W(J) P(a) WY-‘)F)(.y) 
= (P(a) W(y-L)F)(.~~)= M(a,,.(u))( W(J~~‘)F)(X.V) 
= M(a.,.(a)) F(x) = (P(a.,.(u))F)(x). 
giving the desired covariance. 
The homomorphisms A4, P extend, of course, to “&‘(A). and since, for 
TE.Z;~(A), UE A, F,EL>(G, H, 5j), we have 
(P(T)(P(a) F,))(x)=M(a.(T))(P(u) F,)(x), 
it follows that for all FEL,(G, H, sj), 
(P(T)F)(x)=M(a.(T)) F(x). (29) 
Using (29) (13) (14), and (22) we have 
P(3in)) F(x) = M(u,(Y(n)))f(x) = M(~(.uK’)) F(x) 
= V(xn.u- ‘) F(x)= F(snxv’.u)= F(M)= (W(n)F)(x), 
and (W, P) is a twisted covariant pair. This pair thus defines a 
*-representation @ of C*(G, A, Y/I). The representation @ is the representa- 
tion of C*(H, A, F) induced by rr, where rr is the representation of 
C’*(H, A, .Y) associated with (V, M). 
We will require the following result [ 18, Prop. 9; 19, p. 3303 which is a 
generalization of a well-known result of Fell [ 151. An elegant explanation 
of the result, in terms of interpreting induced representations in the context 
of the imprimitivity algebra, is given by Green in [19]. 
2.3. PROPOSITION. The map ker 71 + ker @ is uvell-defined and is 
continuous for the hull-kernel topologies associated Mlith C*( H, A, Y) and 
C*( G, A, Y) respectitleiv. 
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We now revert back to the untwisted crossed-product triple (G, A, a) (so 
that N= (e>). Let z, V, M and @, W, P be as above. The covariant pair 
(W,,, P) is associated with a representation rt’ of C*(H, A). Extending 
@o Q to A’(C*(G, A)), where Q: C*(G, A) + C*(G, A, Y) is the canonical 
map, we see that x’= @a Q,c.,H,A,. Note that rc’ respects twisting since 
(W,,, P) is a twisted covariant pair. The representation z’ is the restriction 
of @ to C*(H, A, Y). (Of course, the restriction exists for an?’ 
*-representation of C*(G, A, Y).) Our next result shows that if H is 
normal in G, then llz(g)ll < jlrr’(g)ll f or all g E C*( H, A ). The case where 
A = C (so that C*(H, A) = C*(H), C*(G, A) = C*(G)) was proved in the 
separable case by Fell [15, 161, and in the non-separable case by 
Rieffel [39]. Rieffel comments that Fell has also shown (in a personal 
communication) that the separability requirement can be dropped. Rieffel’s 
proof uses his algebraic theory of imprimitivity bimodules. 
2.4 THEOREM. Let H be a normal subgroup of G and 7c, 7~’ be as above. 
Then 
IIdg)ll G IWk)ll (30) 
for all ge C*(H, A). 
Proof: Let rc, V, A4, @, W, P, and 7~’ be as above. We need only 
establish (30) for g E C,(H, A). Let g E C,(H, A). For x E G, define 
D, s E Cc(K A) by 
Prg(t) = a.Adx-‘t-~)). (31) 
We claim that for FE L,(G, H, 4j), 
(~‘k)FNx) = C~&)I~w,CWI n(P.vg) W). (32) 
Indeed, with dA,(s) = ds, we have, using (lo), (28), and (26), 
(~‘k)fW) = .r, (P(g(s)) WbMW) ds 
= I M(a.Jg(s)))( W P’M-~) ds H 
= 
s 
Ma,(&))) F(xs) ds 
H 
= I H M(a,(g(s))) F(xsx-‘x) ds 
= [~&-~)/~.,H(xH)] J M(a,(x-‘tx)) F(tx) dt, (33) 
H 
where, for the last equality, we put t = ,YSX~ ’ and use ( 18). 
AMENABILITY FOR GROUP C*-ALGH~RAS 71 
From (33) and (22), 
(?T’(g)F)(x) = [d.(x)/d..,(xH)1[ km, giN V(t) F(x) d 
H 
and (32) follows. 
For the purposes of (301, we can suppose that IIn( g)!J > 0. Let c: > 0 be 
less than min( ]!n(g))l, 1). Let t E 8 be such that 
II511 = 1. bk)ll d Ibw~il +c. (34) 
We now claim that there exists a compact neighborhood D of P in G such 
that 
llP.d-sll, <E (s E D), (35) 
The existence of D satisfying (36) and (37) is easy to see by continuity. 
To show that (35) is also possible, we use the facts that (1xg.x~ ' - gll ., -+ 0 
as x +e, where xgx-r(t)= g(.u-‘ix), \)a,)) = 1, the maps .Y+ a,(u) are 
norm continuous (a E A) and g is continuous with compact support. 
Let fE C,(G) (=C,(G, C)) be >,O and such that (.u~G:_f(_u) ~0) is a 
neighborhood of e with compact closure C for which CC ’ c D. 
Let F= F,:, E L,(G, ff, !+j) as in (25). So 
For x E C, let 
Mx)=[ rcsx,dp,(s)=~~~_,rH.f.(S-Y)IJP~(S). 
N 
Using (36), we have, for x E C, 
(39) 
(40) 
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Applying the triangular inequality to (40) gives 
(1 +&)-I IlF(~)ll af(x)~(l-~)-I IIF(d~jll (x E C). (41) 
Since M(e) > 0, we also have F(e) # 0, and since F is continuous, we have 
F#O in L,(G, H, sj). 
For XEC, using (32), (37), (38), (35), (34), (39), (36), and (41), 
Il(~‘(g)F)(-~111 = C~G(~~)I~G,~A-WI lb(P.~gNF(~))ll 
2 (1 -~)Cll$g) F(.~)ll - Il4B,g- 8) F(-~1111 
- 6 IIWH 1 
> (I -~)[~x)(ll~(g)ll -~)--wx) ll4g)ll --E IIJ’(x)lll 
lldg)ll --E E II4g)ll 
l+E -l--E-E . II (42) 
Let c= {xH: XE C). Using (24) and (42), 
ll~‘(g)F112 2 s, ll(~‘(g)f’K~)l12 d,l
2 m: IIFII ‘, 
where 
and we have used the fact-obvious from (38)-that F vanishes outside 
CH. So 
ll~‘(g)ll 2 FFo mE = Ila( g)ll, 
giving (30). 1 
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3. AMENABILITY OF TWISTED CROSSED PRODUCT C*-ALGEBRAS 
Let (G, A, a, N, F) be a twisted covariant system as in Section 2. Let H 
be a closed normal subgroup of G with NE H (so that (H, A, aIH, N, Y) 
is also a twisted covariant system). The main result of this section is that 
C*(H, A, Y) is amenable if C*(G, A, Y) is amenable. This result is not true 
if the normality requirement on H is removed--consider, for example, a 
discrete, non-abelian, free subgroup in the Type I group SL(2, Rj [ 13). 
The version of amenability that will be used is nuclearity (Section 1). 
A proof of the next result is sketched in [ 18, Prop. 141. We feel justified 
in giving a more complete version. A good reference for information about 
tensor products of C*-algebras is [27]. 
3.1. PROPOSITION. Let B be a C*-algebra. Then (G, aB, A a,,, B, N, 
Y 0 I) is a twisted covariant system, where 
a.(x)(a@b)=a.,(a)@b (aEA,bEB) 
(43) 
Y@l(n)=F(n)@l 
with I the identity of&‘(B). Further, there is a canonical *-isomorphism from 
C*(G, A, Y)@,,, B onto C*(G, A@,,, B, 301). 
Proof: Recall that A @,,, B is the completion of A@ B under its 
largest C*-norm I/. )I. It is the enveloping C*-algebra of A 6 B, and 
the *-representations of A @,,, B correspond to pairs of commuting 
*-representations of A and B. For each s E G, the function )I . 11.V, where 
IIIY~=, aiObill.,= ICI=, dai)Ob,II, is also a C*-norm on A @B, and so 
II II .r G II . II. Since II . II = II . II .dy G II . II .X7 we obtain 11. II= (I I(.,.. It is readily 
checked that (G, A @,,, B, a,) is a covariant system. It is easy to see using 
the above characterization of the *-representations of A @,,, B that Y @ I 
gives a well-defined homomorphism from N into U(&‘( A O,,, B)) and 
satisfies the required twisting conditions of (13). This establishes the first 
assertion of the proposition. 
We now turn to the second part of the proposition. We show first that 
C*(G. A) On,,, BzC*(G, A@,,, B). (44) 
Let %=C*(G, A)@,,, B, ‘B = C*(G, A O,,, B). Then X = C,.(G. A)@ B is 
a dense subspace of both 9l, B. Let j’, , fi E C,.(G, A), b, , b2 E B. The 
formulae for multiplying the f, 0 6, in ‘?l, 8 respectively are, using ( 1 ), 
(f,@b,)*(fiOb,)(x)= Cf,(s)r.,(f~(s~‘.~))d~(.~) 
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and the formulae coincide. The involution formulae for X also coincide, 
and X is a *-subalgebra of both ?I, $11. 
To show that 2I = 23, we must show that the Ill- and !&norms restricted 
to X coincide, or equivalently, that the *-representations of 9I restricted to 
X coincide with the *-representations of 23 restricted to X. To this end, a 
*-representation rc of 9I is associated with a pair of commuting representa- 
tions rci of C*(G, A) and 7c2 of B. The representation rri is associated with 
a covariant pair ( W, P) of (G, A, cc), and one checks that ( W, PO 7~~) is a 
covariant pair for (G, A O,,, B, clg) and hence gives a representation Y of 
8. Then x1* = Y,x. The correspondence rc -+ Y reverses to give that 2I = 2% 
Now let Q: C*(G, A) + C*(G, A, Y) be the canonical map. Then we 
have a *-homomorphism Q’: ‘?I + C*(G, A, S)@,,, B where Q’(J’Ob) = 
$j$@Abdf~ C*(G, A), b E B). We also have the canonical map Q”: 23 + 
X max B, Sal). The *-representations of C*(G, A, S)O,,, B lift 
back ;o ‘!8 to give triples ( W, P, @) with (W, P) a twisted covariant pair, 
and W, P commuting with the representation @ of B. The *-representations 
of C*(G, A @,a, B, F @ I) lift back to pairs of representations (IV’, @‘) 
which are twisted covariant with respect to $@I. Identifying 9I with 2% 
the two classes of lifted back representations coincide and so, therefore, do 
their respective kernel intersections. The last assertion of the proposition 
now follows. 1 
3.2. THEOREM. Let (G. A, a, N, 3) be a twisted covariant system and H 
be a closed normal subgroup of G containing N. Then C*(H, A, F) is 
amenable if C*(G, A, Y-) is amenable. 
ProojI Suppose that C*(G, A, F) is amenable = nuclear. We will show 
that C*(H, A, F) is nuclear. To this end, let B be a C*-algebra. We must 
show that 
C*(K A, 5) Or,,,, B= C*( H, A, ~) Omin B. (45) 
Realize C*(H, A, T), B and C*(H, A, F)@,,, B respectively on the 
Hilbert spaces R, , Rz, and R. We will use (3.1) to identify 
C*( H, A, F) a,,,,, B with C*( H, A O,,, B, F 0 I). 
We have the commuting diagram 
C*(K A @,a, B) = C*(H, A) @mm, B
Q 
I 
C*( H, A, F) @,,,a, B ’ * C*( H, A, F) @min B (46) 
B$) K B,,,;, ) 2 
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Here, Q, q are the canonical maps and ;J is the inclusion map. The map i 
realizes C*(H, A, F)Brni,, B on 33, OR, and ;” = i@q. We also have the 
diagram 
C*(K A) 
R 
i 
C*(H, A, 3) (47) 
B(R) , B(fi, ) 
Here, R, 6’ are the natural maps. The map 6 = ;I,~*,~.,~.~~, where :’ (in 
(46)) is extended to .&‘(C*( H, A, 5) O,,, B) and then restricted to 
C*( H, A, Y). Induce up the maps y, y’ and 6,6’ (Section 2) to give maps 
r, r’ and A, A’. We have the diagrams 
C*(G, A @,,,a, B) 
I 
Q 
C*(G, A, FT) O,,, B 
(48) 
E’ 
Ii 
B(L,(G, H, R)) B(L,(G, H, R, OR,)) 
C*(G, A) 
I 
Q 
C*(G, A, 9) 
(49) 
&LAG, H, 9)) B(L,(G, H, R, 1) 
Here, E, E’, F, F’ are the images of r, f ‘, A, A’, respectively, and i denotes 
the inclusion map. We now show that 
L,(G,H,%OSZ,)zL,(G, H,s2,)OsZ, (50) 
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and 
A=I- IC*(G..4.3-J7 A’OI= r ;C*(G.A,F). (51) 
Here, as usual, r, I-’ are extended to the multiplier algebra, and we use 
(50). We identify C*(G, A, Y) with C*(G, A, Y)@ I when appropriate. 
We first observe that L,(G, H, R, @ 9,) is defined as in (22) with respect 
to V, where (V, M) is the covariant pair associated with 1” 0 Q. In what 
follows, we identify C*(H, A)@Zc.X(C*(H, A)@,,, B) with C*(H, A) 
whenever convenient. Now, foQ=ioqoQ and Q,C.,H,A,mI=R@I, 
ioq,,,,,..,,,@,=6. If follows that 
fOQ ICKY/= (d’oR)OZ. (52) 
So if (V’, M’) is the covariant pair associated with 6’s R, we have 
V= v’@Z. (53) 
One checks directly using (22) and (53) that if FE L,(G, H, A,) and 
k2 ERR, then the function x + F(x)@ k, is in f.,(G, H, 52, @A,). Indeed, 
L,(G, H, R,)@R, is a closed subspace of L,(G, H, R,@R,). and by 
showing that the set of Fr,;s (f~ C,(G), r E fi, 6 A,) is contained in 
L,(G, H, R,)@fi,, we obtain (50). 
Direct checking using (26), (28), and (50) gives (51). 
Since C*(G, A, Y) is nuclear, so also are F, F’. Now b 0 R, 6’ 0 R have the 
same kernel and (2.3) gives that ker A 0 Q = ker A’ 0 Q, so that Fr F’. Since 
ker y 0 Q c ker y’ 0 Q, (2.3) gives ker r~ Q c ker r’ 0 Q, so that there exists a 
*-homomorphism 2”: E + E’ such that the following diagram commutes: 
We now claim that 
C*(G, 4 $1 O,,, B 
1 \’ (54) 
ET E’ 
E’ z Fgmin B. (55) 
Indeed, direct checking shows that r’(l@B)=I@ B. Combining this with 
the second equality of (51) gives (55). 
Next we show that 
E2 F~,i, B. (56) 
The first equality of (51) gives T(C*(G, A, 9) 0 I) 2 F. Further, direct 
checking (using (28) and (25)) shows that r(Z@ B) 2 B. So E is generated 
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by commuting copies of F and B. Since 2’(FB) z F@ B (using (55)), we see 
that E is generated by a copy of FQ B. The E-norm on F@ B is a 
C*-norm, and since F is nuclear, (56) follows. It also follows that I is an 
isomorphism. 
We now consider the commuting diagram 
C*(H,A)@,,,5 ' + C*(H.A.J)@,,,5 
(57) 
Here we recall that F@,,, B = E= FO,,, B. The maps i are the natural 
multiplier algebra embeddings. The map jo Q is the homomorphism rr’ of 
(30), with rr, @ replaced by y o Q, ZY The map j; Q factors through 
c*(H, A, ~)Q,,, B so that, in terms of the upper triangle of maps in (57 j, 
jn Q is the claimed composition. Using (30) and quotienting out by Q, we 
have l/l’(g)// < i/j(g)// for gEC*(H, A, F)&,,,, B. Since 7 is isometric, we 
have 
j(c*(H, A, S)O,,, B)g C*(H, A, S)@,,, B. (58) 
The map 2’ of (54) is extended to M(E) = ~#(FOmin B) in (57). 
Similarly, k i Q is the homomorphism rr’ of (30) with IC, @ replaced by 
;I’ ‘3 Q, f ‘. Again, we have maps k, Q which give k 0 Q a composition. Then 
Ijr’(g)lj d (lk(g)(( for gEC*(H, A, T)@,,, B, and since y’ is isometric. so 
also is k. So 
k(C*(H, A, S)Q,,, B) = C*(H, A, F)@,i, B. (59) 
The map 2’ is an isomorphism at the multiplier algebra level and, using 
(54), we see that S(j(C*(H, A, Y)@,,, B)=k(C*(H, A, S)&,,, B). 
Then from (58) and (59), (45) now follows. 1 
Recall that G is C*-amenable if C*(G) is amenable (Section 1). 
3.3. COROLLARY. Let H he a closed normal subgroup qf G. Then H is 
P-amenable if G is P-amenable. 
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Proof By Example (2.1), we have C*(G)gC*(G, C*(H), F). Now 
C*(H)Z C*(H, C*(H), 3) is amenable, and the amenability of C*(G) 
follows from (3.2). 1 
Recall that if A is realized on a Hilbert space 52,, then the left regular 
algebra C)( G, A) is defined on L,(G, 9,) and is generated by the represen- 
tation rr, associated with the pair (IV, P) in (12). See [9], [43] for the von 
Neumann algebra version of the following theorem. 
3.4. THEOREM. The C*-algebra A is amenable if C,*(G, A) is amenable. 
Prooj: We adapt the proof of (3.2). Suppose that C,*(G, A) is nuclear. 
Let B be a C*-algebra and realize A, B, A&, B, and A@,,, B on the 
Hilbert spaces 5%i, fiZ, 52,O Rz, and R, respectively. We have the diagram 
A CL,,, B = C*( {e >, 4 CA,,,, B) R AO,i” By B(% 63%) 
I 
111 
B(R) 
where rr, rci are the obvious maps and i is inclusion. It is well-known (and 
easily checked) that the induced representation @i associated with n, is the 
left regular representation of (G, A@,,, B), where A@,,, B has the 
G-action of (3.1). It is easy to check that L,(G, {e}, A,@R,)g 
L,(G, sZ,)@ R, (cf. (50)) and that the representation @ induced by io 7~ 
maps onto C,*(G, A) amin B in the natural way. Now ker(i0 n) 3 ker rc, and 
continuity of the inducing process gives ker @ 3 ker @, . We thus have a 
commuting diagram: 
C*(G A CL,, B) 0 C,*(G, A)@,, B 
C(G, A On,,, B) 
There are commuting copies of C,*(G, A) ( z C,*(G, A @I)) and B in 
-4C(G A @,a, B); these copies generate a C*-algebra E which Y takes 
onto C,*(G, A)Omi, B. The nuclearity of C,*(G, A) gives that Y is an 
isomorphism. Lifting !P up to A’(C,*(G, A@,,, B)) and then restricting to 
its subalgebra A @I,,, B gives that the canonical map from A @,,, B onto 
A@,,,;, B is an isomorphism. So A is nuclear. 1 
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4. THE AMENABILITY OF HOMOMORPHIC IMAGES OF C*( G, A ) 
4.1. PROPOSITION. Let H he a closed normal subgroup qf G. Jf G is 
C*-amenable, then so also are H, G/H. 
Proof Suppose that G is C*-amenable. By (3.3) H is also 
C*-amenable. There is a natural *-homomorphism from L,(G) onto 
L,(GiH) [38, Ch. 3, Sect. 41 which extends to a *-homomorphism from 
C*(G) onto C*(G/H). Then C*(G,/H) is amenable since C*(G) is, and G:‘H 
is C*-amenable. 1 
The preceding result raises the natural question, Is it true rhat G is 
C*-amenable if both H, G/H are F-amenable? We do not know the answer 
to this question. When G/H is amenable, then the answer is affirmative. 
This is a special case of a result of Green [ 18, Prop. 141. Green showed 
that lf (G, A, .F) is a tw,isted covariant qstem and H is a closed subgroup 
of G nlith G/H amenable, then C*(G, A, 3) is nuclear $ C*(H, A, Y) is 
nuclear. (The subgroup H need not be normal.) The following result is a 
consequence of Green’s result where we take A = C and 3 to be trivial. 
4.2. ~OPOSITION. Let H be a closed, C*-amenable subgroup qf G vith 
G/H amenable. Then G is C*-amenable. 
Since amenable implies C*-amenable, we have a partial answer to the 
above question. 
Our next objective is to prove a more general result (4.4) than Green’s, 
Green’s proof of his result is somewhat involved and uses the nuclear for- 
mulation of amenability. The proof that we shall give is, we think, easier 
and uses the derivation formulation of amenability. 
Recall that a Banach algebra A is called amenable if every (continuous )
derivation from A into a dual Banach A-module is inner. The classic 
reference for the theory of amenable Banach algebras is Johnson’s memoir 
[23]. For more recent accounts, see [32, (1.3O)f.; 35, Ch. 2, Sect. 11, 361. 
In checking the amenability of A we need only consider Banach .4-modules 
X which are neounital; i.e., for all 5 E X, there exist a, a’ E A, rl, n’ E X such 
that an = 5 = n’a’. Neounital modules are .&‘(A)-modules in the natural 
way. 
Let H be a closed subgroup of G. Then G/H is called amenable [14, 
p. 151 if there exists a G-invariant mean on the space C(G/H) of bounded. 
continuous, complex-valued functions on G/H. Equivalently, G/H is 
amenable if there exists an invariant mean on the space UC(G/H) of 
uniformly continuous functions in C(G/H). (A function 4 E C(G/H) is 
uniformly continuous if the map I --) 4.~ from G into C(G/H) is norm 
continuous, where qk(yH) = &xyH)( y E G).) 
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A well-known result of Johnson [23, Theorem 2.51 asserts that G is 
amenable tf and only if L,(G) is amenable. The amenability of L,(G) can be 
formulated in terms of Banach G-modules and G-derivations (e.g., [32, 
p 421). In particular, G is amenable if and only if; whenever X is a Banach 
G-module, then every G-derivation D: G + A’* (i.e., weak *-continuous, 
bounded derivation from G to A’*) is inner. 
4.3. PROPOSITION. The following statements are equivalent. 
(i) G/H is amenable; 
(ii) whenever G has a jointly continuous, left affine action on a com- 
pact, convex subset K of a locally convex space, then G has a fixed-point in 
K if H has a fixed-point in K, 
(iii) if X is a Banach G-module and D: G -+ X* is a derivation, then D 
is inner if D IH is inner. 
Proof The equivalence of (i) and (ii) is proved in [14, pp. 11, 121. It 
remains to show that (i) is equivant to (iii). The argument is a modification 
of Johnson’s proof [23, Theorem 2.51 that G is amenable if and only if 
L,(G) is amenable. 
Suppose that G/H is amenable. Let X be a Banach G-module and 
D: G + X* be a derivation with D,, inner. We will show that D is inner. 
We make X into a new Banach G-module by setting < .x=x-‘& x. 5 = s’ 
([ E X, x E G). Then D’: G --f X*, where D’(x) = D(x) x ~ ’ is a derivation for 
the new dual action on X*, and D is inner if D’ is. Since D,, is inner it 
follows that Din is inner, and we can, by subtracting an inner derivation, 
suppose that D’(H) = (0). Let ( , ) denote the duality pairing between X 
and X* and define /?: X --) C(G) by 
D(5)(x) = (D’(x), 0 (5 E J3 
One checks that p(<)(xh) = B(r)( ) x , so that we can regard /I: X + C(G/H). 
One then shows that 
and 
PC5 .x0)(x) = B(t)box) - <D’xo, 5) (60) 
D(~~,.~)(x)= (D’x, x0.5)=/%5)(-~). (61) 
Let m be an invariant mean on G/H and a E X* be given by cr([) = m(B(t)). 
Using (60) and (61), one shows that (x0 .u--CI .x,)(e) = -(D’xo, 0, and 
D’ is inner. 
Conversely, suppose that (iii) holds. The space X= UC(G/H) is a 
Banach G-module under the right action 4 + 4x and with trivial left action. 
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Since C I is G-invariant, the space Y = X/C, is also a Banach G-module, 
and Y*z{~EX*:~~(~)=O~.L~~V=~,EM(G/H)~~~D:G+Y* begiven 
by D(x)=x~,-6,. Then D is a derivation, and since hb, = 6, (h E H). 
we have D(H) = {O). Using (iii), D is inner, and so there exists 1( in Y* 
with D(x)=xu-u (xEG). Let (=~---8~. Then 520. and l<\/11411 is a 
G-invariant mean on UC( GI H). 1 
4.4, THEOREM. Let (G, A, a) be a cot!ariant q-stern and @ be u 
*-representation of C*(G, A) on a Hilbert space $ ,vith restriction z to 
C*(H, A). Let H be a closed subgroup of G \z,ith G/H amenable. Then 
@( C*( G, .4)) is amenable $x( C*( H, A)) is amenable. 
Proof Let C=@(C*(G, A)) and B=n(C*(H, A)). Suppose that B is 
amenable. Let X be a neo-unital Banach C-module and D: C --* X* be a 
derivation. We must show that D is inner. 
Let ( W, P) be the covariant pair associated with @, so that ( W,,, P) is 
associated with rr. Now W(G), P(A), and 7~( C*( H, A)) are contained in 
M(C), and since X is neo-unital for C, it is a unital Banach -K(C)-module 
in the canonical way. So X is a Banach G-module using the W-map, is a 
Banach A-module using the P-map, and is a Banach C*( H, A )-module 
using the z-map. Since X is neo-unital for C, the derivation D extends 
to .X(C) in the canonical way, and D,-= D 0 W is a G-derivation 
while D, = DC @ and D, = DC rc are derivations on C*(G, A) and 
C*( H, A I, respectively. The derivation D, is inner since B = x( C*( H, ,4 )) is 
amenable. By subtracting an inner derivation from D, we can suppose that 
D (C*(H R 4))= {O),. 3 1 
We want to conclude that D,(H) = {O). This will follow once we know 
that X is neo-unital for C*(H, A). For then D, extends canonically to 
.N(C*(H. A))3 H, and one readily checks that 0= D,(h)= Dw(h) for all 
h E H. Now X is neo-unital for C*(G, A) and hence for L1(G. A), using the 
extension of Cohen’s Theorem [22, (32.22)]. We now apply (2.l(ii)) with 
[ pJ ) in L,(H) and use the above extension again to conclude that X is 
neo-unital for L,( H, A) as required. It also follows that 0 = D,(a) = D,(a) 
for all aE A. 
Since D u., H is inner and G/H is amenable, we have. by (4.3), that Dcr. is 
inner. Let M E X* be such that 
D,.(x) = xrl- LY..Y (XE G). (62) 
Since D It,( H) = {O}, we have 
.KcL.K ’ = a (.K E H). (63) 
Since D,(A) = {O ), we have, for x E G, a E A, 
O=D,(~~,(a))=D,(~~uax~‘)=(D~-.u)a.u~’+.~a(D~.~~‘). 
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Using (62), we have 
act-~a=u(xctx-‘)-(xcrx-‘) (xEG,uEA). (64) 
Replace the norm I( . /I on X by the equivalent norm I( .[I ‘, where 
Abusing notation, set 1). /I = I(. (I’, and note that 
llx5-~-‘II = II511 (x E G, 5 E X). (65) 
Let K= {/VEX*: llfill < Jl~ll(,@-/&~=.a-au for all UEA}. Then Kis a 
weak *-compact, convex subset of X*. The set K contains CI, and, by (64) 
is invariant under the G-action /3--f xpx-‘(XE G). This action is jointly 
continuous and left afftne, and using (63) and (4.3), there is a G-fixed point 
/30 in K. Let y = a - PO. Then for SE G, UEA, we have .u&,-p,,x=O, 
u/I,, - /3,, = (ICI - cru. Using (62 ), 
X)’ - yx = xc( - ux = D,(x), 
ay-yu=u(a-~cJ-(cr-~~)u=O=D,(u). 
(66) 
Using (9), we have, for gEL,(G), UEA, 
(67) 
and it follows that for f s C*(G, A), 
o(~(f))=o~(f)=k-d=~(f h-Y@(f). (68) 
So D is inner as required, and C is amenable. 1 
4.5. COROLLARY [ 18, p. 2133. Let H be a closed subgroup of G such that 
G/H is amenable. Let (G, A, u, N, 5) be a twisted covuriunt system uith 
NS H. Then C*(G, A, F) is amenable ij” C*(H, A, F) is amenable. 
4.6. COROLLARY (cf. [41]). A crossed product C*-algebra C*(G, A) is 
amenable if both G and A are amenable. 
ProoJ Use (4.5) with N, H trivial. 1 
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5. PROJECTIVE AMENABILITY 
Let x be a projective (unitary) representation on a Hilbert space & and 
Q: I!,~(!$,) -+ PU($) be the quotient map (2.2). Let A, be the von Neumann 
algebra in B(Sj) generated by Q-‘(x(G)). Note that A, is generated by any 
set {T,:xEG) in B(e), where Q(r,)=rr(x). 
The locally compact group G is called projectitle amenable if A, is an 
amenable von Neumann algebra for every projective representation 7c of G. 
By ( 1.1). every projective amenable group is C*-amenable. 
5.1. PROPOSITION. Ecer), almost connected group is projective amenable. 
Proqf: Let G be almost connected. This means that if G, is the identity 
component in G, then G/G, is compact. By (4.2) G is C*-amenable if G,. 
is. So we can and shall assume that G is connected. By a result of 
Batty [3], we need only show that n(C*(G)) is nuclear for every factor 
representation 7c of C*(G). (The authors are grateful to R. J. Archbold for 
bringing [3] to their attention.) Let 71 be a factor rlepresentation of C*(G). 
Then n(G) generates a factor, and a result of Lipsman [I291 (for an elegant 
proof, see Milicic [31]) gives a compact normal subgroup K of G with G/K 
a Lie group and 71,X. trivial. A deep result of Connes (in [S 3) gives that G/K 
is C*-amenable so that %(C*(G/K)) is amenable, where 71(xK)=x(x) 
(s E G). It is sufficient now to show that 7c( C,(G)) = ti( C,.(G/K)) (for then 
T[(C*(G))=~T(C*(G/K)) is amenable). To this end, let f EC,(G). Then 
,f E C,.( G/K), where 
for s E G and 1= .xK. Using Weil’s formula, 
= f +)f(.~)d&:,(T)= %(.f)EYi(C,.(G/K)). 
*c A 
Conversely, if g E C,(G/K) and Q: G -+ G/K is the quotient map, then 
.f=g”QEC,(G), and g=$ So by the above. 
giving n( C,( G)) = 5( C,(G/K)) and completing the proof. 1 
It is an open question if projective amenability is equivalent to 
C*-amenability. 
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Reverting to (4.4) it is desirable to replace the condition “G/H is 
amenable” by “G/H is C*-amenable.” Our next result is a small step in this 
direction with projective amenability in place of C*-amenability. We also 
require a Type I and a factorial condition. These enable us to adapt a 
proof which is used in Mackey’s theory of induced representations [26, 
Sect. 14.11. 
5.2. THEOREM. Let (G, A, CI) be a covariant system with G, A separable, 
and H be a closed normal subgroup of G such that C*( H, A) is of Type Z and 
G/H is projective amenable. Let @ be a *-representation of C*(G. A) on a 
separable Hilbert space 5 whose restriction n to C*( H, A) is,factoriaI, Then 
@(C*(G, A)) is injective. 
Proof: Let B= C*(H, A), C= C*(G, A). 
Let (IV, P) be the covariant pair associated with @. We claim that for 
XEG, 
W(x) TC( B) W(x ’ ) = z(B). (69) 
This result is, no doubt, well-known. To prove (69), we need only show 
that for f E C,(H, A), 
W(x)n(f) W(.U-‘)ETc(C,(H, A 1). 
This follows using (lo), (1 1 ), and (18): 
W(x) ?r(f) W(x-1) = j- W,P(f(s)) w,-, W(xs.r- 
H 
‘1 dl,(S) 
= 
J 
P(a,(f(x-‘xs.y-lx))) W(.usx-‘) dAH(s) 
H 
= (d,(x)/d,,,(-?)) j- P(a,(f(x-‘tx))) W(t) dA,(t) 
H 
= NP), 
where ge C,(H, A) is given by g(t)= [d,(x)/d,,(l)] a,(f(x-‘tx)). 
Since C*(H, A) is separable and of Type I, and since & is separable, the 
space b z 5, @ !& with 
n(B)“2 B($,)@Z. 
Using (69), each W(x) is of the form 17(x)@ V(x) with U(x) and V(x) 
unitary. The operator V(x) is uniquely specified up to a scalar multiple of 
modulus 1, so that the map xH + V(X) determines a projective unitary 
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representation of G/H. Since G/H is projective amenable, the set 
( V(x): x E G ] generates an injective von Neumann algebra D. Since 
n(C*(H, A))u D generates @(C*(G, A))“, the latter equals B($,)@ D. 
Then @(C*(G, A))” is injective since it is the tensor product of two 
injective von Neumann algebras. 1 
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